In this paper, a theoretical model for characterizing solid multi-layered cylindrical samples illuminated by a modulated uniform incident beam is developed by means of the Green function method. The specific Green function for the multi-layered cylindrical structure is derived and an analytical expression for the thermal-wave field in such a cylindrical sample is presented. The thermal-wave field of an inhomogeneous cylindrical sample irradiated with incident light of arbitrary angular and/or radial intensity distribution was obtained using this theoretical model. Furthermore, experimental validation is also presented in the form of experimental results with steel cylinders of various diameters.
I. INTRODUCTION
Since their emergence in the early 1980s, photothermal techniques have become very powerful tools for the thermophysical characterization and nondestructive evaluation (NDE) of a wide variety of materials. [1] [2] [3] [4] These techniques are based on the generation and detection of thermal waves excited by an incident energy source in the sample. Various photothermal measurement schemes, such as infrared radiometry, photothermal beam displacement (mirage effect), photopyroelectric detection, photothermal reflectance, etc., have been developed to detect thermal waves and therefore, extract material thermophysical properties and internal structure information. However, for decades, research in photothermal techniques has been restricted to samples with flat surfaces. Recently, significant and rapid progress has been made on studies of samples with curved surfaces. [5] [6] [7] [8] [9] [10] [11] Wang et al. investigated both theoretically and experimentally homogenous and bilayered cylindrical and spherical samples [5] [6] [7] [8] by the Green function method which is a well-known formalism for solving various boundary-value problems, including the thermal-wave fields of diverse geometries. The thermalwave field of a sample with incident light of arbitrary angular and/or radial intensity distribution can be obtained once the Green function is determined for a specific geometry. Subsequently, Salazar et al. developed a technique for characterizing the thermal-wave fields of multilayer cylindrical and spherical samples using the quadrupole method, [9] [10] [11] in which a linear relation between temperature and incident heat flux at the outer and inner surfaces of the sample is used to derive the thermal-wave fields of layered structures. The quadrupole method, however, is limited to samples with cylindrical or spherical symmetry and can only calculate the temperature on the sample surface, which sometimes limits the general applicability of the theoretical model. In most previous work in the photothermal field, the depth-profile reconstructions of the thermophysical parameters were usually implemented using inverse-problem methods. [12] [13] [14] [15] In those studies, the samples were limited to the flat surface and the measurement scheme was limited to one-dimension (1D) in which the incident laser beam was expanded to be large enough when compared to the thermal diffusion length, so as to simplify the mathematical formulism and computational algorithm. With the increasing application of photothermal techniques to nonflat samples, inverse-problem method may encounter difficulties due to the complicated 3D modeling and the computational algorithm related to the geometry and the beam profile. In this paper, we develop a theoretical model for characterizing solid multi-layered cylindrical samples using the Green function method. We first develop the thermal-wave Green function for the multi-layered structure geometry, and then we present an analytical expression for the thermal-wave field in such a cylindrical solid. The earlier theoretical models 5, 8, 9 for the two-layer or homogeneous cylinder can be used to demonstrate the validity of this multilayered model in the limit of two-layers. Finally, experimental validation is presented in which a group of cylinders of various diameters are measured and fitted to the theoretical model. In contrast to the inverse-problem method, a "forward" data-fitting process 16 is employed to reconstruct the depth profile of the thermophysical parameter. The experimental results show good agreement with the theoretical model. It is expected that this theoretical model, which is capable of providing general temperature field at any location of the sample, will be useful in quantitative thermophysical characterization of multi-layered cylindrical samples. 
II. THEORY
The thermal-wave field of a multi-layered cylindrical solid sample with outer radius r N and inner radius r NÀ1 ; r NÀ2 ; Á Á Á ; r 1 , ðb ¼ r N > r NÀ1 > r NÀ2 > Á Á Á > r 1 ¼ aÞ can be derived by the Green function method. The geometry and coordinates of the boundary-value problem are shown in Fig.  1 . The thermal conductivity and diffusivity of regions I and II, III,…, N are denoted by ðk 1 ; a 1 Þ and ðk 2 ; a 2 Þ,…, ðk N ; a N Þ, respectively. The exciting laser beam, which is taken to be of uniform intensity for simplicity and subtends angle h 0 , Figure 1 , impinges on the cylindrical surface. The harmonic thermal-wave equation for the material under investigation in region N can be written as: 
where S 0 is the surface surrounding the domain volume V 0 (i.e., region N), which includes the harmonic source Qðr 0 ; xÞ;r s ,r s 0 is the source coordinate point in the bulk and on the surface S 0 , respectively. Here dS 0 ¼ñ Á dS 0 withñ being the outward unit vector normal to the boundary surface S 0 , as shown in Fig. 1 . G ðNÞ is the thermal-wave Green function with units of ½s=m 3 . Equation (2) gives the most general formula to evaluate the thermal-wave field in the investigated region under investigation under arbitrary boundary conditions. It is noted that, in most cases, Eq. (2) can be simplified depending on specific material properties and boundary conditions imposed on the solid. For solids with high optical absorption coefficients, such as metallic samples, the volume source can be neglected Qðr 0 ; xÞ 0 ½ . In this paper, we focus on metallic (opaque) materials. Moreover, considering that illumination of the outer surface by a laser beam leads to optical-to-thermal energy conversion essentially at the surface, and that the thermal coupling coefficient between a metallic solid and the surrounding gas (air) is on the order of 10 À3 (Ref. 18 ), the adiabatic second-kind (Neumann) boundary condition at the outer surface can be applied. Furthermore, to convert the improper Green function to a proper one which can be applied to multi-layered solids with nonhomogeneous interface conditions, 17 we assume a third-kind boundary condition on the inner surface of region N at r ¼ r NÀ1 , as discussed below. The homogeneous boundary conditions for the appropriate Green function and inhomogeneous boundary conditions for the thermalwave field, respectively, can be written as: ] imposed on the inner and outer surface, respectively. Therefore, in the absence of volume thermal sources in region N and in the underlying region NÀ1, and with the homogeneous boundary conditions for the Green function shown in Eqs. (3) and (4), the general thermal-wave field represented by Eq. (2) reduces to:
where, G ðNÞ ðr jr 0 ; xÞ is the Green function for region N which must be derived so as to satisfy the appropriate boundary conditions. It should be emphasized that the condition for Eq. (2) to be reduced to Eq. (5) is that the Green function must be proper (i.e., homogeneous boundary conditions must be satisfied at all surfaces enclosing the volume V 0 ).
The details of the derivation of the Green function for the specified geometry are given in the Appendix. Section 1 of the Appendix develops the Green function in region N, and the spatial impulse-response function, i.e., the improper Green function in regions NÀI,…, II and I, respectively, for a multi-layer concentric cylindrical structure. The relevant Green function to be used in the exterior region r NÀ1 r r N is Eq. (A32). However, great care must be taken since the Green-function derivation for region N has employed a nonhomogeneous (continuity) boundary condition at r ¼ r NÀ1 . Therefore, the function Eq. (A32) is an improper Green's function. 17 As a result, it cannot be applied readily to obtain the thermal-wave field in region N, because it does not satisfy the requisite homogeneous boundary condition at r ¼ r NÀ1 to validate the field Eq. (5). A proper Green function for the equivalent exterior region N, which satisfies a homogeneous third-kind boundary condition at r ¼ r NÀ1 , must be used instead. This Green function is given by Eq. (A43). However, in Eq. (A43), there is no direct thermal-wave coupling to the underlayer in region (N-I). There is only an indirect involvement of the inner region at thermal equilibrium through the heat transfer coefficient h NÀ1 . A direct involvement of region (N-I) into the proper Green function for region N, Eq. (A43), can be introduced through correlating the thermal parameters ðk 1 ; a 1 Þ in Eq. (A32) in region N to the (otherwise arbitrary) constant h NÀ1 in Eq. (A43). This line of reasoning leads to the equivalence relations (A49) and (A50) in Sec. 2 of the Appendix. Those relations show that for the specified value of h NÀ1 , the proper Green function Eq. (A43), and its integral, Eq. (5), can be used as an equivalent Green function and as a valid thermalwave field distribution integral, respectively, to describe the effects of the multi-layer, despite the nonhomogeneous interior boundary conditions. In summary, the appropriate Green function to be used in Eq. (5) can finally be written with the observation coordinate, r, as the running variable in the form: 
where
;
Here, m ¼ 0; 1; 2; Á Á Á ; and r j ¼ ð1 þ iÞ ffiffiffiffiffiffiffiffiffiffiffiffi x=2a j p ; ðj ¼ 1; 2; Á Á Á ; NÞ are thermal wave numbers; c N;ðNÀ1ÞÁÁÁ321 Â t In view of the structure of Eq. (5), the prescribed thermal-wave fluxes F NÀ1 and F N at the inner and outer surface, respectively, must be specified. In our case, there is no incident flux prescribed at the inner surface r ¼ r NÀ1 , therefore
Assuming that the incident light intensity on the exterior surface is uniform, in conformity with standard collimated experimental photothermal configurations such as laser infrared photothermal radiometry (PTR), the thermal-wave flux on that surface must be weighted using a projection factor in the form of the cosine of the incident uniform light intensity which can be expressed as:
It should be noted that the expression of Eq. (11) may be changed depending on the incident beam profile. This theoretical method is valid for any arbitrary incident beam profile by changing the expression of Eq. (11). Substituting Eqs. (10) and (11) into Eq. (5), we obtain:
Where, dS 0 ¼ r N du 0 . Now interchanging ðr; uÞ $ ðr 0 ; u 0 Þ in the Green function, Eq. (6), so as to allow integrations over the source coordinates ðr 0 ; u 0 Þ and letting r 0 ¼ r N (surface source), Eq. (12) becomes
Using the identity
after some algebraic manipulation, one finally obtains the thermal-wave field in region N:
From the structure of this expression, it is seen that the frequency dependence of the thermal-wave field of a multi-layered cylinder under illumination with a uniform light beam is a strong function of the material thermal diffusivity as well as geometrical factors of the solid. If the exciting beam is a Gaussian laser beam, the thermal-wave flux on that surface can be expressed as:
Here b is the radius of cylindrical rod, and w is the spotsize of the laser beam Then the harmonic thermal-wave equation for the material under investigation in region N can be written as:
Using Eq. (14), the thermal-wave field in region N can be obtained:
Based on Eq. (18), the thermal-wave fields of a cylindrical solid with the Gaussian beam illumination can be obtained readily with a numerical integration.
III. NUMERICAL SIMULATIONS A. Special cases
In Sec. II, we developed the thermal-wave Green function for a multi-layered cylinder and gave the analytical expression, Eq. (15), for the thermal-wave field in such a cylindrical solid. In this Section, we will focus on verification of this theoretical model though special-case simplification and comparison. Prior to this, it is noted that although Eq. (15) gives the thermal-wave field at any point inside the cylinder, using the PTR technique with an opaque solid only the thermal-wave field from the sample surface can be detected. 19 Therefore, our investigations and simulations will be restricted to the sample surface at r ¼ r N . In all simulations, the amplitude and phase of the surface thermal-wave field are normalized to the corresponding amplitude and phase of a one-layer cylinder sample of the same material (AISI 1018 steel). The thermophysical parameters of AISI 1018 steel are k ¼ 51:9W=mK, a ¼ 13:
First, a couple of analytical checks of limiting cases in Eq. (15) are in order. It is obvious that if h 0 ¼ 0, i.e., no light is incident on the surface, the thermal-wave field Tðr; u; xÞ ¼ 0, as expected. Next, as another check, Eq. (15) can be easily reduced to a single-layer model, i.e., a homogeneous cylinder, if we set parameters ðk 1 ; a 1 Þ, ðk 2 ; a 2 Þ,…, ðk NÀ1 ; a NÀ1 Þ in regions I, II,…,(N-I) equal to parameters ðk N ; a N Þ in region N, i.e., ðk 1 ; a 1 Þ ¼ ðk 2 ; a 2 Þ ¼ Á Á Á ¼ ðk N ; a N Þ. The frequency dependence of the surface thermal-wave field of a solid uniform cylinder [the North Pole point, u ¼ p=2 ð Þ] is simulated in this manner and is shown in Fig. 2 . In the simulations, two cylindrical solids with the same diameter (10 mm), but made of different materials (aluminum and copper) are investigated in the limit where the incident light beam is large enough to cover the whole projectional surface of the cylindrical solid, i.e., Equation (15) can also be reduced to a two-layer model by assuming parameters ðk 1 ; a 1 Þ, ðk 2 ; a 2 Þ,…, ðk NÀ2 ; a NÀ2 Þ in region I, II,…,(N-II) are equal to parameters ðk NÀ1 ; a NÀ1 Þ in region N-I, i.e., ðk 1 ;
Under the same illumination and measurement geometry, two AISI 1018 steel rods coated with aluminum and copper respectively are considered, with the common diameter of the two solids equal to 10 mm and coating thickness 1 mm. The surface thermal-wave fields in the two-layer solid cylinders illuminated by modulated light were calculated and Fig. 3 shows the frequency dependence. The symbols are results based on the present model, Eq. (15) in the limit of two layers and the solid lines were calculated using the twolayer model developed in Ref. 9 for comparison. The results are identical throughout the entire frequency range. The foregoing special cases are proof that the generalized complicated model of multi-layered cylinders yields the expected results in a number of important limiting cases. Indeed, the agreement involves both our own earlier results 6 and those obtained with the model developed using the quadrupole method. 9 
B. General case
Simulations involving the full multi-layered model are now presented. Using the same illumination and measurement geometry as above, two AISI 1018 steel rods with various case hardened depths are investigated. They have a 10-mm diameter and different thermal conductivity depth profiles. We assume that the radial thermal conductivity of the inhomogeneous layer in the multilayered rods varies continuously with the depth dependence:
where k 0 and k 0 represent the thermal conductivity of the outermost layer and innermost layer, respectively, L 0 is the total thickness of the inhomogeneous surface layer (i.e., r N Àr 1 ,) and exponent Q represents the thermal gradient. The assumed depth profile ansatz Eq. (19) is capable of expressing arbitrary monotonic depth profiles if parameters are properly chosen and has been extensively employed in thermal-wave inverse problem reconstruction techniques. Figure 4 shows the assumed thermal conductivity depth profiles of the two rods. The thermal conductivity of the inhomogeneous layer is continuously increased from k ¼ 36:05 W=mK (at the surface) to the saturated value k 0 ¼ 51:9 W=mK at L 0 ðL 0 ¼ 1mmÞ inside the material but with different gradients for the two rods; Q ¼ 4000ð1=mmÞ and 6000ð1=mmÞ, respectively. Figure 5 is the comparison of the frequency dependence of the surface thermal-wave field in a cylinder made of AISI 1018 steel calculated by the Green function theoretical model, Eq. (15) (symbols) and the quadrupole method (solid line) in Ref. 10 . In Fig. 5 , cylinders with the continuously variable thermal conductivity depth profiles of Fig. 4 are considered, however, the use of the discrete multiple layer formula Eq. (19) necessitated the approximation of the continuous profile with a step profile. For each virtual slice, j, 1 j N (usually for L 0 ¼ 1 mm, N ¼ 30 is sufficient to describe a continuous profile) the value of k(r) ¼ k(r j ) is calculated by using Eq. (19) in a stepwise manner for each slice with radial limits r j r r jþ1 . The frequency scans of Fig. 5 are normalized by those of a corresponding single-layer cylinder of the same material with the same outer radius and conductivity equal to 51.9 W/ mK. It is further seen in Fig. 5 that both amplitude and phase curves calculated with the Green function model completely overlap those curves based on the quadrupole method over the entire frequency range. This indicates that both theoretical models are suitable for characterizing multi-layered cylindrical samples using the PTR technique. However, the advantage of the Green function method is the capability of providing more general temperature field at any points of the sample and also the possible extension of the current simple cylindrical or spherical samples to other geometrical samples.
Figure 6(a) shows the effect of the cylindrical radius on the photothermal signal with a uniform incident beam profile. All the samples are assumed to have the same inhomogeneous layer as if they were experiencing the same hardening process. The parameters of the thermal conductivity profile of the inhomogeneous layer are: Q ¼ 4000ð1=mmÞ, L 0 ¼ 1mm; k 0 ¼ 51:9 W=mK, and k N ¼ 36:05 W=mK. It is seen that both amplitude and phase are sensitive to the radius of the cylindrical sample. Figure 6(b) shows the effect of cylindrical radius on the normalized signal. The amplitude and the phase of the surface-temperature oscillation of the cylindrical samples are normalized to the corresponding amplitude and phase of a flat surface of a semi-infinitely thick sample of the same material as the core part of the cylinder sample in order to see the effects of the curved surface with an optimal contrast. The amplitude and the phase of a flat surface are calculated based on the well-known 1D theoretical model, 17 which exhibits the well-known dependence of the amplitude on the inverse of the square root of the frequency and a constant p/4 phase lag of the temperature oscillation with respect to the incident thermal flux. As expected, both normalized amplitude and phase of various diameters are toward to that of the flat surface at high frequencies because of the very short thermal diffusion length at high frequencies when compared with the cylindrical radius of curvature.
Finally, we present the thermal-wave field of a surface illuminated by a Gaussian laser beam. In the simulation, the radii of the rods are assumed to be 10 mm, and the spotsize w is assumed to be 2.5 mm, 5 mm, 10 mm and 5000 mm (i.e., close to infinite), respectively. The parameters of the profile of the thermal conductivity of the inhomogeneous layer are: Q ¼ 4000ð1=mmÞ, and L 0 ¼ 1 mm. The simulation results are shown in Fig. 7 . It is seen that as the spotsize increases, both amplitude and phase move toward the response of cylinders illuminated with a homogeneous beam. When the laser spotsize w ¼ 5000 mm, the two lines overlap, as expected, because the beam spatial profile distribution converges to uniform. The Green-function sensitivity to beam spotsize demonstrates the capability of this mathematical approach to deal with arbitrary incident beam profiles.
IV. EXPERIMENTAL AND RESULTS
The experimental PTR setup is shown in Fig. 8 . The optical excitation source was a high-power semiconductor laser, the emitted power of which was modulated by a periodic current driver. The harmonic infrared radiation from the sample surface was collected by an off-axis paraboloidal mirror system and detected by a HgCdTe detector (EG&G Judson). The signal from the detector was preamplified and then fed into a lock-in amplifier (EG&G Instruments) interfaced with a personal computer. Two sets of cylindrical AISI1020 steel samples (composition: 0.18%-0.23%C, 0.3%-0.6%Mn) were machined with radii ranging from 2 to 16 mm. One set of samples went through a case hardening (carburizing) process as one batch to ensure the same case depth profile, with a nominal case depth of 0.04 in. Carburization is a heat treating process in which iron or steel is heated in the presence of another material (in the range of 900-950 C) which liberates carbon as it decomposes. Depending on the amount of time and temperature, the affected area can vary in carbon content. Longer carburizing times and higher temperatures lead to greater carbon diffusion into the part as well as increased depth of carbon diffusion. When the iron or steel is cooled rapidly by quenching, the higher carbon content on the outer surface becomes hardened via transformation from austenite to martensite, while the core remains soft in the form of ferritic and/or pearlite microstructure. After carburizing, the actual case depth was measured using the conventional mechanical indentation method. The other set was kept unhardened as a uniform reference. The cylindrical samples were fixed on a sample holder freely translating horizontally and vertically. The measuring point on the cylindrical sample was far away from the contact area between the sample and the holder, so thermal perturbations due to the contact were negligible. The thermal diffusivity of AISI 1020 steel was taken to be a N ¼ 13:
In the experiment, the illumination laser spot was expanded and collimated to about 20 mm in diameter so as to cover the whole surface of the cylindrical samples and also meet the requirement of uniform illumination along the axial direction assumed in the theory. It is estimated that, when f ¼ 1 Hz, the thermal diffusion length l % 2 mm
. Therefore, the 20 mm-illumination spotsize can be considered large enough when compared with the thermal diffusion length, the requirement of the uniform illumination along axial direction can thus be met. Samples of the same size were positioned carefully at the focal point of the paraboloidal mirror. The North Pole point of the cylindrical rods, with 90 azimuthal angle, was illuminated. The signal from the hardened sample was normalized with respect to an unhardened sample of the same material and diameter. Figure 9 shows the normalized experimental results for samples with diameters of 4, 10 and 16 mm, respectively. These results are in agreement with our theoretical and computational simulations. We fitted the experimental data to the foregoing theoretical model developed by the Green-function method and the results are shown in Fig. 9 , while the detailed best-fit parameters are shown in Table I . In the fitting process, diameter D and thermal conductivity of the unhardened core part k 0 are set as known parameters, whereas thermal conductivity of the surface k N , depth of hardening L 0 , and thermal gradient Q are set as fitting parameters. In addition, considering the fact that the absolute amplitude is meaningless and arbitrary because it is a function of many experimental factors, such as surface conditions (absorption coefficient), detector amplification factor etc., and an amplitude multiplication factor is used as a fitting parameter. In the inversion only the relative amplitude versus frequency is crucial to the fitting. It is seen that all best fitted results show excellent agreement with the data. The reconstructed thermal conductivity depth profile and the destructively measured hardness profile for these samples are shown in Fig. 10 . It can be seen in the figure that the thermal conductivity profile exhibits good anticorrelation with the steel-hardness profile measured with the destructive indentation method. The detailed relationship between the reconstructed thermal conductivity and the destructively measured hardness can be extracted from Fig. 10 , and is shown in Fig. 11 . It is seen that the obtained anti-correlation is the same as those observed in Ref. 21 , although the detailed hardness versus thermal conductivity values are different from those in the reference due to the different steel samples.
V. CONCLUSIONS
We have developed a theoretical thermal-wave model suitable for characterizing multi-layered cylindrical samples using optical heating from a laser beam with arbitrary intensity spatial profile. Based on the Green function method, the thermal-wave field from a multi-layered cylindrical sample with uniform surface illumination was obtained as a special case of a spatial heating profile. The thermal-wave dependencies on various thermophysical and geometrical parameters were also investigated. Together with our earlier investigations on composite cylindrical and spherical solids, this work complements the applications of thermal-wave techniques, and PTR in particular, in these two most commonly used curvilinear coordinate systems. With the advantages of the Green-function method over the quadrupole method with regard to the arbitrariness of the photothermal source spatial profile and its ability to handle both homogeneous boundary conditions (proper Green function) and inhomogeneous boundary conditions (improper Green function), this model offers a general analytical tool for characterizing cylindrical solids, photothermally excited with incident laser beams of varying spot sizes and angles of incidence, two parameters of direct experimental relevance. 
APPENDIX: THERMAL-WAVE GREEN FUNCTION FOR A MULTI-LAYERED CYLINDRICAL STRUCTURE
To calculate the Green function for a multi-layered cylinder with nonhomogeneous boundary conditions at the interface between the outer and inner layers, the following two related problems must be solved. I. The Green function and spatial impulse-response functions for an infinitely long multi-layered cylinder with a spatially impulsive time-harmonic thermal-wave source at ðr 0 ; u 0 Þ, r NÀ1 r 0 r N . A homogeneous Neumann boundary condition is prescribed at r ¼ r N :
In regions j, ½j ¼ 1; 2; …; ðN À 1Þ, with thermophysical properties ðk j ; a j Þ, the spatial impulse-response function H j ðr jr 0 ; xÞ (not a Green function in the layer which does not include the thermal-wave Dirac delta-function source), 17 
r j ¼ ð1 þ iÞ ffiffiffiffiffiffiffiffiffiffiffiffi x=2a j p ; ðj ¼ 1; 2; Á Á Á ; NÞ, and r j is the complex thermal wave number. The polar Dirac delta function can be expanded in the basis of the complete set of angular polar eigenfunctions:
Both the Green function in region N and the impulseresponse function in regions j, ½j ¼ 1; 2; Á Á Á ; ðN À 1Þ can be expanded in the same basis: In the exterior surface of region j, r ¼ r j ; (1 j N À 2), 
Substituting these boundary conditions (A9)-(A11) into (A6), and (A8), we obtain (for writing convenience, the subscript m is omitted At r ¼ r 1
At r ¼ r 2 To solve these 2(N-1) algebraic equations, we can express the solutions most conveniently by use of a matrix method 
We are only interested in a N ; b N , which are parameters of the experimentally accessible surface thermal-wave field. Therefore, we can avoid solving for a 1 by defining: By substituting (A36), (A37) into (A32), we obtain the known Green function of a bilayered cylindrical structure, 5 as expected, upon symbol substitution: a ! r 1 ; b ! r 2 . II. Equivalence relation between a multi-layer composite cylinder with homogeneous Neumann conditions at the exterior surface of region N ðr ¼ r N Þ(Section A.I) and a hollow cylinder 6 with one homogeneous Neumann condition at r ¼ b ! r N (exterior surface), namely m 2 ¼ 0, and another homogeneous third-kind boundary condition at the interior surface r ¼ a ! r NÀ1 From Sec. A.I, the Green function Eq. (A32), evaluated at r ¼ r NÀ1 is found to be 
